Abstract. Following the work of Wolpert Wol98], we nd a set of asymptotic relations among the Fourier coe cients of real-analytic Eisenstein series. The relations are found by evaluating the integral of the product of an Eisenstein series ' ir with an exponential factor along a horocycle. We evaluate the integral in two ways by exploiting the automorphicity of ' ir ; the rst of these evaluations immediately gives us one coe cient, while the other evaluation provides us with a sum of Fourier coe cients. The second evaluation of the integral is done using stationary phase asymptotics in the parameter ( = 1 4 + r 2 is the eigenvalue of ' ir ) for a cubic phase.
Preliminaries
Let ? SL 2 (R) be a nitely generated non co-compact Fuchsian group of the rst kind 1 . For ease of presentation, we shall restrict ourselves to the case where ? = SL 2 (Z) although most of the work carries through to the general case (the exception being in the Appendix where one has to be careful about the choice of group so that it has a standard fundamental domain). Since ' ir is automorphic it follows that J = J 0 , and the coe cient relation is obtained by equating the evaluation of the integrals J , and J 0 . The considerations are organized as follows: In x2 we obtain the stationary phase expansion for the integral of an exponential with a general cubic phase, in x3 we evaluate the integrals comprising J , in x4 we evaluate the integrals comprising J 0 . It is relevant to notice that the evaluation of J 0 involves a stationary phase analysis uniformly valid on a noncompact set of parameter values. In x5 we join the two evaluations to obtain the nal coe cient relation.
In x6 we explore some applications of the coe cient relation. Finally substitution of (2.9) and of (2.16) in (2.8) nishes the proof. Remark 2.3. In the proposition above it is understood that the quantity 0 0 is 1 by continuity.
Notice that when = 0 we recover Proposition 2:6 of Wolpert Wol98].
3. Evaluation of J In this section we evaluate the integral J . As can be seen from (1.5) and from (1.6) and (1.7), we need to evaluate two types of integrals; those corresponding to the the zero-th order coe cient and those corresponding to the non-zero order coe cients of the Fourier development of ' ir . The argument used to evaluate them is basically the same.
The where we have used that h has compact support, e i2 nx is translation invariant, and Proof. As in Proposition 3.1, e i2 (m+n)x is unit-translation invariant so the limits of integration can be replaced by f0; 1g provided that we also replace h(w) by 4. Evaluation of J 0 In this section we evaluate the integral J 0 . From (1.9), (1.6) and (1.7), we again see the need to evaluate two di erent types of integrals; those corresponding to the the zero-th order coe cient and those corresponding to the non-zero order coe cients of the Fourier development of ' ir .
Notice that we do not use the summation condition for the test function h. The proof of this last statement for satisfying (4.9) is well known and can be found as Theorem 1 in CFU57] and in more generality for smooth functions in GS77]. We nd explicitly the functions ( ) and Q 0 ( ) for our case.
In order for (4.10) to be a uniformly regular 1{1 transformation we must have (4.14)
Upon substitution of in (4.8) and simpli cation of (4.13) and (4.14) we obtain explicit expressions for and Q 0 0 , namely The last statement of the proposition follows from the explicit formulas for ( ) and Q 0 ( ) (or equivalently from (4.14) and noting that (1) = 0). This makes the calculations done in x4.2 much more involved.
The coefficient relation
In this section we put together all the pieces developed in the previous sections and obtain a relationship between the Fourier coe cients.
In Corollary 3.4 we have an asymptotic evaluation of J , and in Corollary 4.7
we have found another evaluation of the same integral. Hence equating them and simplifying we obtain where the remainder constants depend on ; ; t 0 and t 1 .
6. Applications In this section we use the coe cient relation, in particular Corollary 5.2, to obtain asymptotic relations among the classical divisor functions and among Kloosterman sums.
As a second application we obtain relations amongst sums of Fourier coe cients, i.e., sums of divisor functions and sums of Kloosterman sums.
6.1. Asymptotic relations of Kloosterman sums. Let ? SL 2 (R) be a nitely generated non co-compact Fuchsian group of the rst kind, it has anite number of inequivalent cusps f g. Let ? be the stability group of , it is a cyclic in nite group generated by , say. We may assume that 1 is one of the cusps by, if necessary, conjugating ?, in which case we have ? 1 with the remainder constant depending only on t 0 , and t 1 .
Appendix A. Here we present a slight modi cation (Lemma A.1 due to Wolpert) on Lemma 6:1 of Wol98] that provides an upper bound for the sum of the magnitude squared of the Fourier coe cients a n (y) of a real analytic Eisenstein series for SL 2 (Z).
Also we provide, using the Maass-Selberg relations, and some estimates of Hejhal 
